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Implementation of Nonquasi-Static Effects in
Compact Bipolar Transistor Models
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Abstract—Large-signal implementation of nonquasi-static
(NQS) effects in bipolar transistors is reviewed. An approach
is proposed to introduce first-order NQS correction to typical
quasi-static phenomenological models. Both charge- and non-
charge-conserving implementations are considered. The resulted
large-signal equivalent-circuit model compares well with the
two-dimensional physical model in simulating HBT transient
response under high-current operations. The present approach
advances the state-of-the-art by allowing arbitrary bias depen-
dence of transit times in large-signal NQS models.

Index Terms—Bipolar transistors, charge carrier processes,
HBTs, nonlinear circuits, semiconductor device modeling.

I. INTRODUCTION

COMPACT models of bipolar transistors often fail as the
operating frequency approaches the cutoff frequency and

the transistor can no longer follow external excitations instanta-
neously. This delay is usually referred to as the nonquasi-static
(NQS) effect. As bipolar transistors are increasingly used at a
significant fraction of the cutoff frequency, it is important to ac-
count for the NQS effect in a concise manner so that it can be
readily implemented in a compact model.

The NQS effect can be accounted for by using a distributed
equivalent circuit [1], [2]. However, this leads to complicated
models that are difficult to extract from measured data. A
practical alternative is to estimate the NQS effect analytically
and to modify existing compact models to mimic the estimated
behavior. For bipolar junction transistors (BJTs), analytical ex-
pressions have been derived to model carrier transport through
the quasi-neutral base, emitter [3]–[7], and depleted collector
[8]. Most of the analysis to date concentrates on small-signal
operations. For large-signal operations, transit times and other
small-signal model parameters vary with the bias, which makes
large-signal equivalent-circuit implementation of the NQS
effect very complicated. Implementation approaches proposed
to date are either limited to bias-independent time constants
[3]–[6], [9] or require access to the circuit simulator engine
[10]. Reference [11] does not include circuit implementation
at all.

The goal of this paper is a simple and systematic approach for
implementing the NQS effect in a large-signal equivalent-circuit
model that allows for arbitrary bias dependence of time con-
stants. Section II summarizes the status of small-signal NQS
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Fig. 1. (a) Small- and (b) large-signal equivalent circuits of the BJT in a
forward active regime. High-frequency dispersive components are enclosed in
dashed boxes.

modeling in BJTs and compares it with quasi-static (QS) mod-
eling. Section III illustrates the present approach to large-signal
implementation and discusses charge-conservation issues. The
implementation is then used to model HBT transient response in
Section IV. To validate the present approach, the modeled HBT
transient response is compared with that simulated by using a
two-dimensional physical device model.

II. SMALL-SIGNAL NQS EFFECTS

This section summarizes QS and NQS expressions for BJT
small-signal base and collector currents. The BJT is assumed to
operate in the forward active regime. The small-signal equiva-
lent circuit of the intrinsic HBT is depicted in Fig. 1(a). Currents
in Fig. 1 are separated into low-and high-frequency components.
Low-frequency currents and represent base recombina-
tion and collector transport, respectively. Both and are
assumed to follow the small-signal base–emitter voltage in-
stantaneously. High-frequency currents and account for
electron transport through the quasi-neutral base. and
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TABLE I
APPROXIMATIONS OF ~i AND ~i

can have strong frequency dependence, as will be discussed in
Section II-A. These dispersive quantities are denoted by tildes
throughout this paper. The combined current

(1)

represents the current of the electrons leaving the base and
entering the collector. arises from the electron transport
through the base–collector depletion region and will be dealt
with in Section II-B. Finally, dispersive terminal currents
and , of which large-signal implementation is the main focus
of this paper, will be derived in Section II-C. Notice that

(2)

(3)

The displacement current through the base–emitter depletion
capacitance , although having well-defined frequency de-
pendence, is not included in . This is because depends
only on the base–emitter voltage and can be readily incorpo-
rated in a large-signal equivalent circuit as a conventional charge
source.

A. Base Transport

Small-signal base and collector currents due to transport
through the quasi-neutral base are subjects of numerous
publications. Closed-form expressions are available for the
simple case of low injection, uniform base doping, and constant
built-in electric field [3]–[5]. In other cases, the solution can
be derived as an infinite series of multiple integrals [6], [7].
These exact small-signal solutions are too complicated to
be implemented in compact models. Table I summarizes the
approximations used in popular compact models, as well as
proposed in the literature.

In Table I, is the complex frequency . , , and
are small-signal time constants. is the forward transit time
without contribution from the collector transit time. accounts
for excess phase delay and magnitude degradation of in the
four popular models. originates from partitioning the base
charge between the emitter and collector [13], which is not con-
sidered as an NQS effect in this study. Since the partitioning of
the base charge has no effect on , no additional correction
to is implemented in the popular models, except HICUM
[11]. This is in contrast with the more accurate approximations
of [3], [5]–[7], where is used to account for NQS effects on
both and .

The QS and NQS expressions in Table I can be further sim-
plified by expanding the exponentials and dropping higher order
terms of as follows:

(4)

(5)

(6)

(7)

Note that follows the simpler form of [6] and [7] instead
of the exponential form of [3] and [5]; the latter may only give
marginal improvement in accuracy [14], [15].

B. Collector Transport

After leaving the quasi-neutral base, electrons travel in the
collector depletion region before reaching the collector elec-
trode. Depending on the collector design and operating condi-
tion, the collector transit time may exceed the base transit time.
Therefore, the NQS effect on collector transport may be present
at lower frequencies than that of base transport. Assuming that
electrons travel through the collector with saturated velocity, the
small-signal base current generated by the collector transport
can be expressed as [8]

(8)

where is the time it takes an electron to drift through the col-
lector depletion region. The QS approximation of (8) is simply
its first-order expansion with respect to , while the NQS ap-
proximation can be derived in a rational form as follows:

(9)

(10)

Under high currents, the BJT may suffer from the Kirk (base
push-out) effect. In this case, the collector transit time also ac-
counts for electron diffusion in the pushed-out base region.

C. Combined Small-Signal Model

The formulas in Sections II-A and B can be combined to ob-
tain terminal dispersive currents and , with the added effect
of the base–collector depletion capacitance . The small-
signal current through is simply ; being the
small-signal base collector voltage. Under large signal, de-
pends not only on the base–collector voltage, but also the col-
lector current [16]. Therefore, the large-signal implementation
of is not trivial.

From (1), (2), (4), (5), and (9), and after dropping the
term

(11)

From (1), (3), (5), and (9)

(12)
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From (1), (2), (6), (7), and (10)

(13)

From (1), (3), (7), and (10)

(14)

III. LARGE-SIGNAL IMPLEMENTATION

The large-signal equivalent circuit of the BJT is shown in
Fig. 1(b). Low-frequency currents and are conventional
nonlinear voltage-controlled current sources, which are related
to the small-signal currents of Section II in the conventional
manner

(15)

(16)

Notice that large- and small-signal parameters are distinguished
by upper and lower cases throughout this paper. The charge
source that models the base–emitter depletion capacitance is de-
fined as in the following:

(17)

Since , , and can be readily implemented, this sec-
tion concentrates on implementation of dispersive currents
and . QS and NQS approximations are discussed in Sec-
tions III-A and B, respectively.

A. QS Approximation

From (11) and (12), both the small-signal base and collector
currents have the same general form

(18)

where represents either the base or collector dispersive current
and is the corresponding small-signal time constant. Equation
(18) can be converted into the time domain by applying the in-
verse Laplace transformation

(19)

The transformation from (18) to (19) is valid only if (18) is linear
with constant and . However, (19) can be transformed into
(18) even if and are bias dependent. This can be verified
by expanding (19) under a small-signal excitation

(20)

Fig. 2. (a) QS and (b) NQS large-signal implementation of base or collector
dispersive current with � and C as normalization factors. Function F is
defined in (27).

where indicates small-signal variation and the approximation
is arrived at by dropping terms. The Laplace transform of
(20) is exactly (19).

Compact models normally treat as current through a charge
source , thus ensuring charge conservation for the
corresponding terminal

(21)

can be obtained by comparing (19) and (21) and
solving for

(22)

Equation (22) can be solved only if

(23)

Equation (23) may not hold given arbitrary and
. In case (23) does not hold, one may still attempt

to derive so that it matches (22) as closely as pos-
sible. Such a charge–source implementation may be desirable
when device physics dictates charge conservation, e.g., for the
BJT base terminal or the FET gate terminal. However, since (22)
may not be exact, the resulted large-signal model may not repro-
duce the bias dependence of small-signal characteristics.

When charge conservation is not assured, such as in the
case of a BJT collector terminal or FET drain terminal [17],
an alternative approach is to model (19) directly with parallel
charge and current sources. The charge sources and in
Fig. 2(a) are used to obtain the corresponding derivatives in
(19) and the current source scales the derivatives to arrive
at . This nonlinear capacitance approach has an advantage
over the charge–source approach in that it explicitly tracks the
bias dependence of and , thus ensuring bilateral corre-
lation between small- and large-signal models. The obvious
disadvantage is that it may not conserve charge.
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B. NQS Approximation

Similarly to (18), the dispersive components of the small-
signal base and collector currents (13) and (14) can be gener-
alized as

(24)

where is the new bias-dependent small-signal parameter in
addition to those present in (18). This type of small-signal re-
sponse represents a first-order NQS correction to the BJT model
[6], [7] or the FET model [18]. Equation (24) can be readily
transformed into a large-signal model in the case of bias-inde-
pendent , , and , as shown in [3]–[6] and [9]. Bias-de-
pendent small-signal parameters of an FET were treated in [11]
and [19], but no circuit representation was proposed.

Equation (24) can be made linear with respect to by multi-
plying both sides with while dropping terms

(25)

Based on the same arguments as in Section III-A, (25) can be
converted into the time domain as follows:

(26)

The right-hand side of (26) is the same as that of (19). Thus,
the NQS correction is through the derivative (damping) term on
the left-hand side of (26). However, this term is not uniquely
defined. It can be shown that any expression of the form

(27)

where is an arbitrary function of bias, produces the desired
small-signal contribution in (25). Indeed, linear expansion
of (27) under small-signal excitation yields the inverse Laplace
transformation of

(28)

Note that, by definition, both and the time-invariant part of
are equal to zero.

The NQS (26) converges to the QS (19) when the change in
becomes slow and . Therefore, the discussion

of charge–source implementation in Section III-A is applicable
here as well. The large-signal implementation of (26) depends
on whether or not charge conservation is needed. If it is, then the
right-hand side of (26) allows charge–source representation and
the corresponding charge function can be found
by solving (22). The damping term in (26) can be transformed
into a full time-derivative by choosing in (27) so that
(26) becomes

(29)

Fig. 3. Layer structure of the simulated HBT.

The above equation shows that the first-order NQS correction
can be added to a charge-conserving QS expression without
destroying charge conservation. In case charge conservation is
not needed, (26) can be implemented through nonlinear capaci-
tance, as described in Section III-A. As shown in Fig. 2(b), three
charge sources are used to represent the three derivatives in (26).

C. Transition to Voltage-Controlled Elements

The equivalent circuits in Fig. 2 include mainly current-con-
trolled elements. Although current-controlled elements are
available in modern circuit simulators (e.g., Advanced Design
System (ADS),1 APLAC2 ), they are not suitable for typical
nodal analysis because branch currents are not readily available.
Node voltages, on the other hand, are readily available, making
voltage-controlled elements preferable for nodal analysis.
Voltage control can be introduced to a current-controlled circuit
by inserting a small current-sensing resistor in the controlling
branch. For example, current-controlled in Fig. 2(a) can be
brought under voltage control by introducing two resistors in
series with and for sensing and , respectively. The
circuit in Fig. 2(b) can be similarly modified.

IV. RESULTS AND DISCUSSION

Given difficulties in measuring high-speed transient wave-
forms with acceptable accuracy, we decided to verify the
present modeling approach against physical device simulation
(ATLAS).3 Fig. 3 illustrates the generic design of the HBT used
in the physical simulation. The emitter area of the simulated
transistor is 1.4 30 m . To simplify compact model extrac-
tion, only the intrinsic collector under the emitter is included
in the simulation. The HBT has a relatively low Kirk threshold

kA cm so that the high-current performance of the
model can be readily tested. The simulated trends in I–V char-
acteristics and -parameters were consistent with that observed
on typical InGaP HBTs. Fig. 4 shows bias dependence of the
cutoff frequency of the transistor. Special care was taken in
order to capture all relevant physical mechanisms pertaining to

1Agilent Technol., Westlake Village, CA.
2APLAC Solutions Corporation, Atomitie 5 C, Helsinki, Finland.
3Silvaco International, Santa Clara, CA.
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Fig. 4. Bias dependence of the cutoff frequency f of the simulated HBT,
V = ( )0:5V, ( )1:5V, ( )3V.

the HBT operation such as band alignment/grading, electron
velocity overshoot, concentration-dependent mobility, bandgap
narrowing, and surface/contact recombination.

The bias-dependent small-signal model of the HBT was
extracted from the ATLAS-simulated -parameters between
0.1–30 GHz under a bias of to V and
to . Details of the extraction procedure can be found
elsewhere [20]. Fig. 5 illustrates the strong bias dependence of

(effective collector transit time) and as simulated
by using ATLAS.

Three different large-signal models were implemented in
ADS and then used to simulate the HBT transient response.
The models feature the same topology as in Fig. 1(b) and share
definitions of , , and . The models differ only in im-
plementation of dynamic currents and . The first model,
i.e., QSCC, is a regular QS model implemented by using the
charge source according to (21). The model conserves charge
and was extracted by fitting (22). The charge-conservation
condition (23) was found to be valid below , but was in-
creasingly violated above . The second model, i.e., NQSCC,
introduces the first-order NQS correction to the QSCC model
according to (29), while keeping the same function as in
QSCC. Bias-dependent in (29) was available as a result of
small-signal model extraction. The third model, i.e., NQSNCC,
also introduces the first-order NQS correction, but, unlike the
first two models, it does not conserve charge and relies on
nonlinear capacitors, as shown in Fig. 2.

The models were evaluated against ATLAS-simulated tran-
sient responses of a simple voltage-driven common-emitter am-
plifier with a resistive load . Input excitation was a voltage
step from down to 1.2 V with falling time . This pro-
duced a collector current transient from to 0, which is de-
picted in Figs. 6 and 7. The supply voltage was 2 V and the load
resistor was chosen to produce a 0.5-V collector voltage swing,
i.e., . Both and were varied to evaluate
the model’s performance.

Fig. 6(a) shows collector current transients for ps
and . As expected, the NQS models predict sim-
ilar roll off behaviors to that predicted by ATLAS, whereas the
QS model predicts an abrupt shut off, which appears to be physi-
cally impossible. In addition, the QS model erroneously predicts
a huge current spike at the beginning of the transient, which is

Fig. 5. Bias dependence of: (a) effective collector transit time � + � and
(b) base–collector capacitance C as simulated by using ATLAS. V =
0:5; 0:6; 0:7; 0:8; 1:0;1:2; 1:5;2:0;2:5; and 3:0 V top down.

largely corrected by the NQS models. Between the two NQS
models, NQSCC is superior in predicting the rolloff behavior,
while NQSNCC predicts a smaller spike. Similar observations
were made in the case of ps, as shown in Fig. 6(b).
Fig. 6(c) shows that, once is increased to 200 ps, all
models behave the same.

Fig. 7 shows collector current transients for ps
with increased to 1.6 or 2.4 . With increasing , the
HBT’s response slows, but the QS model predicts an opposite
tendency. By contrast, the NQS models predict such a slowing
tendency at least qualitatively. Between the two NQS models,
the more complicated NQSNCC model does not demonstrate a
clear advantage over the NQSCC model.

In general, charge-conserving versus noncharge-conserving
modeling of semiconductor devices is a controversial topic be-
yond the scope of this paper. Noncharge-conserving models are
commonly believed to be nonphysical, problematic in conver-
gence, and, for these reasons, unsuitable for practical applica-
tions. Indeed, in many cases, charge conservation is dictated by
physics so that development of a noncharge-conserving model
cannot be justified. Examples include the gate terminal of a
MOSFET (gate is isolated, therefore, the stored charge has no
escape path) or the base terminal of an HBT (same reason, if
recombination can be neglected). On the other hand, experi-
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Fig. 6. Transient response of an HBT common-emitter amplifier simulated by using (- - -) QSCC, (—) NQSCC, ( ) NQSNCC, and ( ) ATLAS models.
T = (a) 2 ps, (b) 20 ps, and (c) 200 ps.

Fig. 7. Transient response of an HBT common-emitter amplifier simulated by
using (- - -) QSCC, (—) NQSCC, ( ) NQSNCC, and ( ) ATLAS models.
T = 2ps. I = (a) 1:6J and (b) 2.4 J .

mental evidence of charge nonconservation has also been pub-
lished. For example, [17] concluded that the drain terminal of a
MESFET may not conserve charge. We are not currently aware
of any theoretical proof of charge conservation for a device ter-
minal that carries substantial conductive current, such as the
drain of a MESFET or the collector of a BJT. In fact, the in-
cremental charge approach used to derive the charge–source
formalism can only be justified when the conductive current is
negligible. We, therefore, believe that, troublesome as they are,
noncharge-conserving models should not be categorically dis-
missed and should be constructively compared and evaluated
against charge-conserving ones.

V. CONCLUSION

In summary, two possible approaches of large-signal
implementation of NQS effects in bipolar transistors have
been demonstrated. First-order NQS correction has been
made to a QS model with and without charge conservation.
The two resulted large-signal models have been evaluated
against transient response predicted by using a physical device
simulator. The results indicate significant improvement of
the NQS models over the QS model, especially under rapid
transients or high currents. The simpler charge-conserving
NQS model has been found to be as accurate as the more
complicated noncharge-conserving NQS model. Giving the
charge-conserving model’s smaller implementation effort and
greater tendency to converge during circuit simulation, it is
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the preferred approach for extending traditional compact QS
models to higher frequencies.
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